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 This work argues that the off-diagonal long range order (ODLRO) is not necessary for showing superconductivity 
while the electron pairing around Fermi surface is sufficient for superconductivity. It is shown that there exists the 
pseudogap state associated with the electron pairing in real space and the high temperature superconductivity could 
be only found in the metallic region near the Mott metal–insulator transition (MIT). 
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One of the open questions is whether the pseudogap is associated with the precursor pairing. There are some 
positive suggestions from experiments which include the specific-heat measurement [1], while there some negative 
indications which include the angle resolved photoemission spectroscopy (ARPES) [2]. The pseudogap is initially 
discovered in cuprate superconductors, and may be also discovered in iron-based superconductors [3]. The debate 
may go to peace when the precursor pairing is proved in theory. There exist two main theoretical scenarios for the 
explanation of pseudogaps in high temperature superconductors. The first is based upon the model of Cooper pairs 
formation already above the critical temperature of superconducting transition [4,5]. The second one assumes that the 
appearance of the pseudogap state is due to fluctuations of some short-range order [6,7]. To understand the precursor 
pairing and the pseudogap, we should discuss the pairing in real space, and the latter is related to the off-diagonal 
long range order (ODLRO) which is presented to determine whether superconductivity is included in a model[8,9]. 
Some works question whether the Hubbard model and the t-j model include superconductivity [10]. Yang’s articles 
are associated with the relations between BEC and ODLRO, the ones between ODLRO and superconductivity, and 
the ones between BEC and superconductivity, while we think these relations have not been established exactly in 
theory. One will find that the BEC only describes the Bose-particle feature of Cooper pairs, while Cooper pairs are 
not equal to Bose particles; the ODLRO expresses the correlations between Cooper pairs, while Cooper pairs 
originate from the many-body effect. This work suggests possible theoretic evidence of precursor pairing, and argues 
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that the ODLRO (about pairing) is not necessary for superconductivity.  
 
  Not to say the hardships of the BCS theory, the most important idea of the BCS theory is that the superconductivity 
originates from the electron pairing around Fermi surface, and this should be taken for an evidence to examine other 
superconducting theories. 
As seen in literatures, the singlet pairing function in real space is 
)',,,( ττσδ −+llF = >< + )'()( ττ δσστ ll ddT                                            (1) 
and the pairing function in momentum space is 
)',,( ττσ −kF = >< )'()( ττ σστ kk ddT                                                  (2) 
where the vector symbols of wave vectors are neglected. Based on the transforms on a lattice one can find the 
relations 
)',,,( ττσδ −+llF = ∑ ⋅
k
ike
N
δ1 )',,( ττσ −kF                                         (3) 
)',,( ττσ −kF = )',,,0( ττσδ
δ
δ −∑ ⋅ Feik                                              (4) 
To arrive at Eq.(4), )',,,( ττσδ −+llF = )',,,0( ττσδ −F is used with the Eq.(3). It is easy to find that )(kF =0 
if ),0( δF =0. Similarly, ),0( δF =0 if )(kF =0. Then, to judge whether superconductivity is included in a model, 
is )(kF equal to ),0( δF ? No, the reason will be found. Firstly, if )(kF are real and positive and limited to near the 
Fermi surface, due to the symmetry of the Brillouin Zone, we find ),0( δF can be either positive or negative with Eq. 
(3). Secondly, )(kF could be zero for ),0( δF ≠0 with Eq.(4). For example, if ),0( δF ~ δ⋅∑
Q
Qcos , we can 
obtain )(kF  = ),0( δ
δ
δ Feik∑ ⋅ =0 for k ~ Fk but FkQ ≠ . Non-superconducting state does not require )(kF =0 for 
every k , but requires )(kF =0 for k ~ Fk , thus more forms of ),0( δF could meet this requirement. This arrives at 
the conclusion that the precursor pairing could occur in real space if superconductivity is because of the electron 
pairing around Fermi surface (PAFS).  
  Speaking about the occurring of superconductivity, it suddenly occurred to us the concepts about “phase 
coherence”, “Bose condensation”, “off-diagonal long rang order”, and so on, but the relation between these concepts 
has not been strictly established in theory. The ODLRO is discussed below.  
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It is easy to find the differences between ODLRO and PAFS, but we should give an explanation. One could 
introduce various correlation functions. The so-called off-diagonal long rang order is proposed by Yang, and it is 
described by the pair-pair correlation function similar to 
)',( ττδ −P = >< ++++ )()'()()( ττττ σδδσσστ llll ddddT                                     (5) 
One often questions whether superconductivity was included in a model with the function )(δP  and obtains negative 
results, which may be a misleading.  
Following Eq.(5), we will take the number of cell for an unit, N =1. It is hard to find the simple dependence of the 
pairing function )(kF on the pair-pair correlation function )(δP by complex calculations, thus we give a simple 
approximation 
)',,( ττσδ −P  
= ∑
21 ,kk
>><< ++ )'()'()()(
2211
ττττ σστσστ kkkk ddTddT + ∑ +−
21
21
,
][
kk
kkie δ >><< ++ )'()'()(
2211
τττ σσσστ kkkk dTdddT  
Consider 'ττ − →0and neglect the off-diagonal part of Green’s function, we find 
)0,,( σδP =[∑
1
)0,,( 1
k
kF σ ][∑ +
2
)0,,( 2
k
kF σ ]+[∑ −
1
1
k
ike δ σ1kn ][∑ −
2
2
k
ike δ σ2kn ]               (6) 
It looks like∑ −
k
ike δ σkn →0 whenδ is large enough. If +F = F =real constant number, it seems F =0 as soon 
as )0,,( σδP =0, and this seems a proving for one to take )0,,( σδP as an evidence of superconductivity. However, 
generally speaking, ∑ −
1
1
k
ike δ σ1kn ≠0 and
+F ≠real constant number as shown in strong coupling theory and so on, 
thus one cannot obtain F =0 from )0,,( σδP =0 for anyδ . Contrary to someone’s expectation, we obtain )( FkF ≠0 
for )0,,( σδP =0 even ifδ is small enough in Eq. (6). In the same way, we can obtain )0,,( σδP ≠0for )( FkF =0, 
thus )( FkF ≠ 0 is different from )0,,( σδP ≠ 0. Of course, we usually finds F ≠ 0 from )0,,( σδP ≠ 0 
when )0,,( σδP has some fluctuations in real space, thus it is not strange for )0,,( σδP ≠0 to mean Meissner effect 
and flux quantization [11]. That is to say, )0,,( σδP ≠ 0 usually favors superconductivity for a 
largeδ while )0,,( σδP =0 does not reject superconductivity. If )( FkF ≠0, we also find the order function 
)(xψ = )()( xiex θψ , thus some appearances like the Meissner effect and the flux quantization can be explained. 
However, )( FkF ≠0 does not mean )0,,( σδP ≠0 as discussed above.  
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The pseudogap is another open question. As discussed above, if the pairing function )( FkF =0, the electron 
systems are not in the superconducting states. The following discussion will show that this case corresponds to a 
pseudogap state. As an example, we take the Hubbard model 
H = δσσ
σδ
δ +
+
><
+∑ ll
l
ll ddt
,
, + ∑ ++
σ
σσσσ
,2
1
l
llll ddddU                                           (7) 
It can be rewritten in 
H = σσ
σ
ξ kk
k
k dd
+∑
,
+ )(ˆ)(ˆ qqU
q
−∑ ρρ )(ˆ)(ˆ qSqSU
q
−−∑                                  (8) 
where the charge operator σ
σ
σρ k
k
qk ddq ∑ ++=
,2
1)(ˆ and the spin operator σ
σ
σσ k
k
qk ddqS ∑ ++=
,2
1)(ˆ in the wave vector 
space when we denote k ≡ k
r
. Other Green’s functions are defined in 
=− )',( ττσkG ><− + )'()( ττ σστ kk ddT                                                (9) 
=−+ )',( ττσkF >< ++ )'()( ττ σστ kk ddT                                                 (10) 
If we neglect the effect of correlations, we only obtain the zero result +F =0. Considering the effects of correlations 
but following the approximations presented by Abrikosov et al [12], we must establish the dynamic equations of 
many-particle correlation functions such as ><∂ ++ )'()(ˆ τσσττ kqk ddqST and ><∂ ++ )'()(ˆ τρ σσττ kqk ddqT . These 
calculations arrive at the equations 
kni ξω +−[ +
qknq i
qkP
+−∑ ξω
σ ),,( ),(] nikG ωσ  
= 1− +
kni
U
ξω
ρ
+−
>< )0(ˆ
+
qkn
kqk
q i +
+
+−
−∑ ξω ξξ21 ),()0,( nikFqkUF ωστσ +=+                    (11) 
and 
kni ξω −−[
qknq i
qkP
++
−∑ ξω σ ),,( ),(] nikF ωσ+ = ),()0,,(21 nq qkn kqk ikGqkFUi ωστσξω
ξξ =−−−
− +
+
+∑  (12) 
where 
),,( σqkP = UqSqSU >−< )(ˆ)(ˆ UqSqU >−<− )(ˆ)(ˆ2 ρσ UqqU >−<+ )(ˆ)(ˆ ρρ              (13) 
The function ),,( σqkP will exhibit effects of correlations and ),,( σqkP ≠ ),,( σqkP  . Here >−< )(ˆ)(ˆ qSqS ≡
>−−< − )0,(ˆ),(ˆ τττ qSqST ,  >−< )(ˆ)(ˆ qq ρρ and >−< )(ˆ)(ˆ qSqρ are similar to this expression. On the basis of 
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Eq.(11) and (12), we can obtain the function ),( nikG ωσ and find the energy gap for +F ≠0. For simplification, we 
take +F →0 in the expressions of +F and G , this does not mean +F =0, and we obtain 
)0,( =+ τσkF = kn
n
i ξωβ +− ∑ [1 1)( )],,( −+Σ+ nik ωσ ),,( ),,( )(
)(
nkn
n
iki
ik
ωσξω
ωσ
σ
−
−
+
Σ−−
Δ⋅ (1
kni
U
ξω
ρ
+−
><− )0(ˆ )  (14) 
where 
),,()( nik ωσ±Σ =
qknq i
qkP
+±∑ ξω
σ ),,(
   
),,()( nik ωσ±Δ =
qkn
kqk
q i +
+
±−
−∑ ξω ξξ21 )0,( =+ τσqkUF                                          (15) 
),,()( nik ωσ±+Δ =
qkn
kqk
q i +
+
±−
−∑ ξω ξξ21 )0,( =++ τσqkUF  
To obtain an evident solution, we assume the on-site interactionU to be not too large. Because the function +F is 
dominated by the frequency region where ),,(Im )( ωσk+Σ =0, Eq.(14) leads to 
)0,( =+ τσkF =
−+
−+
−
Γ−Γ∑
,,
,, ),,(),,(
σσ
σσ
kk
kk
q EE
EqkEqk
U )0,( =++ τσqkF                            (16) 
Where 
),,( ,ikEqk σΓ = )( ,ikF En σ )( ,)( iki Ez σ  (1+
kikE
U
ξ
ρ
σ −
><
,
)0(ˆ
)
ikqk
kqk
E ,σξ
ξξ
+
−
+
+                               (17) 
for i =±, )()( ω±z = 12 ])/(),,(1[ −+∑ ±+
q
qkqkP ξωσ , and ±= ,σω kE expresses the real solutions of kξω ± ±
)/(),,( qk
q
qkP +±∑ ξωσ =0. It can be found that there is the solution )( σkF + ≠0. It may be )( σkF + =0 for 
k ~ Fk  but )( σkF + ≠0 for other cases, this corresponds to the pseudogap state. Particularly, when the model 
parameters lead to +,σkE ≈ −,σkE ≠ 0 at some points in the momentum space, a high pseudogap 
temperature *T appears in Eq.(15). When +,σkE = −,σkE =0 (the Fermi energy is defined as the chemical potential 
although the former is different from the latter a little.), Eq.(15) gives this expression 
)0,( =+ τFkF =
cBTk
U
2
)0()(±z
F
F
k
k U
ξ
ρξ ><− )0(ˆ
qk
qkk
q F
FF
+
+−∑ ξ
ξξ
)0,( =++ τqkF F               (18) 
It is possible for Eq.(18) to give a non-zero superconductivity transition temperature cT . It seems that the 
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superconductivity transition temperature increases with the on-site interaction, cT ∝ U . However, the 
conditions +,σkE = −,σkE =0 require the chemical potential to be at the inside of the energy band, the systems show the 
metallic features, thus the on-site interaction could not be too large. In other words, our calculations suggest that the 
high temperature superconductivity should be found in the metallic region near the Mott metal–insulator transition 
(MIT), and this is in agreement with experiments.  
In summary, there are the precursor pairing in real space, and this pairing corresponds to a type of pseudogap state. 
However, this calculation does not reject other pseudogaps associated with other short-range orders. Particularly, the 
off-diagonal long range order usually favors superconductivity while its disappearance does not reject 
superconductivity. Therefore, to distinguish whether superconductivity is included in a model, one could say yes on 
the ODLRO, not say no. The electron pairing around Fermi surface should be the evidence of various 
superconductivities, since this can explain Meissner effect, flux quantization and so on as shown in BCS theory 
despite the BCS theory is inappropriate for the high temperature superconductivity. We also show that the high 
temperature superconductivity should be found in the metallic region near the Mott metal–insulator transition (MIT).  
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